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Abstract
The degree anti-Ramsey number ARd(H) of a graph H is the smallest integer k for which
there exists a graph G with maximum degree at most k such that any proper edge colouring of G
yields a rainbow copy of H . In this paper we prove a general upper bound on degree anti-Ramsey
numbers, determine the precise value of the degree anti-Ramsey number of any forest, and prove
an upper bound on the degree anti-Ramsey numbers of cycles of any length which is best possible
up to a multiplicative factor of 2. Our proofs involve a variety of tools, including a classical result
of Bolloba´s concerning cross intersecting families and a topological version of Hall’s Theorem due
to Aharoni, Berger and Meshulam.
Keywords: Anti-Ramsey, Multicoloured, Rainbow.
1 Introduction
A copy of a graph H in an edge coloured graph G is called rainbow if all edges of H have distinct
colours. The degree anti-Ramsey number ARd(H) of a graph H is the smallest integer k for which
there exists a graph G with maximum degree at most k such that any proper edge colouring of G
yields a rainbow copy of H. This notion, which is the focus of this paper, was introduced in [2].
Several versions of anti-Ramsey numbers appear in the literature (see, e.g. [9] and the many
references therein). The local anti-Ramsey number AR(H) of a graph H is the smallest integer n
such that any proper edge colouring of Kn yields a rainbow copy of H. This graph invariant was
studied by various researchers, including Babai [6] and Alon, Lefmann and Ro¨dl [4]. As noted in [2],
it is evident that
ARd(H) ≤ AR(H)− 1 holds for any graph H. (1)
The size anti-Ramsey number ARs(H) of a graph H is the smallest integer m for which there
exists a graph G with m edges such that any proper edge colouring of G yields a rainbow copy of H.
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This graph invariant was introduced by Axenovich, Knauer, Stumpp and Ueckerdt [5] who proved
upper and lower bounds on the size anti-Ramsey numbers of paths, cycles, matchings and cliques.
In [2], Alon proved that ARd(Kk) = Θ(k
3/ log k) and used this result to prove that ARs(Kk) =
Ω(k6/ log2 k), thus settling a problem of Axenovich et al [5].
It readily follows from (1) that any upper bound on AR(H) immediately translates to an upper
bound on ARd(H). One such upper bound was proved by Alon, Jiang, Miller and Pritikin in [3]. It
was proved there that for every graph H,
AR(H) ≤ 2∆(H)2v(H) + 32∆(H)4 + 4v(H). (2)
Our first result is the following improvement:
Theorem 1.1. Let H be a graph and let k be its degeneracy. Then
AR(H) ≤ ke(H) − k + v(H) .
Note that Theorem 1.1 is indeed an improvement of (2), since if H is a k-degenerate graph, then
ke(H)− k + v(H) ≤ k2v(H)− k
(
k + 1
2
)
− k + v(H) < 2∆(H)2v(H) + 32∆(H)4 + 4v(H).
Using (1) we obtain the following immediate consequence of Theorem 1.1:
Corollary 1.2. Let H be a graph and let k be its degeneracy. Then
ARd(H) ≤ ke(H)− k + v(H)− 1 .
As observed in [2], it readily follows from Vizing’s Theorem [11] that
ARd(H) ≥ e(H)− 1 holds for any graph H. (3)
It was also observed in [2] that (3) is tight whenever H is a matching with at least 3 edges (it is
obvious that ARd(K2) = 1 and easy to see that ARd(2K2) = 2). Moreover, it was noted in [2]
that (3) is almost tight for forests, i.e., ARd(H) ≤ e(H) whenever H is a forest. Our next result
determines the precise value of the degree anti-Ramsey number of every forest.
Theorem 1.3. Let F be a forest. Then ARd(F ) = e(F ) − 1, unless F is a star of any size or a
matching with precisely two edges, in which case ARd(F ) = e(F ).
Finally, we study degree anti-Ramsey numbers of cycles. It readily follows from (3) and Corol-
lary 1.2 that k− 1 ≤ ARd(Ck) ≤ 3(k− 1) holds for every k ≥ 3. Our next result improves the upper
bound.
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Theorem 1.4. For every k ≥ 3,
ARd(Ck) ≤


2(k − 1) if k is even
2(k + 2) if k is odd.
For some small values of k we can prove sharper bounds. It is obvious that ARd(C3) = 2 and we
can prove that ARd(C5) ≤ 6 (this will be discussed in Section 5). Our next result determines the
exact value of ARd(C4).
Proposition 1.5.
ARd(C4) = 4 .
1.1 Notation
Our graph-theoretic notation is standard and follows that of [12]. In particular, we use the following.
For a graph G, let V (G) and E(G) denote its sets of vertices and edges respectively, and let v(G) =
|V (G)| and e(G) = |E(G)|. For a graph G and a set S ⊆ V (G) we denote by G[S] the graph which is
induced on the set S. Denote the maximum degree of a graph G by ∆(G), and its minimum degree
by δ(G). For any integer k ≥ 3, we denote the cycle on k vertices by Ck. The length of a cycle is the
number of its edges. The girth of G is the length of a shortest cycle in G (if G is a forest, then its
girth is defined to be infinity). The degeneracy of a graph G is the smallest integer d for which there
exists an ordering v1, . . . , vn of the vertices of G such that |{1 ≤ j < i : vjvi ∈ E(G)}| ≤ d holds for
every 1 ≤ i ≤ n. A graph with degeneracy d is said to be d-degenerate.
The rest of this paper is organized as follows. In Section 2 we prove Theorem 1.1. In Section 3
we prove Theorem 1.3. In Section 4 we prove Theorem 1.4 and Proposition 1.5. Finally, in Section 5
we present some open problems.
2 General upper bound
Proof of Theorem 1.1. Since H is k-degenerate, there exists an ordering u1, u2, . . . , uv(H) of the ver-
tices of H such that |Iℓ| ≤ k holds for every 1 ≤ ℓ ≤ v(H), where Iℓ := {1 ≤ i < ℓ : uiuℓ ∈ E(H)}.
Let n = ke(H)−k+v(H) and let c be a proper edge colouring of Kn. Inductively, we choose vertices
w1, w2, . . . , wv(H) in Kn such that the colours of all edges in the set Eℓ := {wiwj : 1 ≤ i < j ≤
ℓ and uiuj ∈ E(H)} are distinct for every 1 ≤ ℓ ≤ v(H). Since, in particular, this is true for Ev(H),
by mapping ui to wi for every 1 ≤ i ≤ v(H), we obtain a rainbow copy of H. The vertex w1 may be
chosen arbitrarily. Let 2 ≤ ℓ ≤ v(H) and assume the vertices w1, w2, . . . , wℓ−1 were already chosen
and we now wish to choose wℓ. Let Wℓ = V (Kn) \ {w1, w2, . . . , wℓ−1}. For every i ∈ Iℓ we have
|{w ∈Wℓ : ∃e ∈ Eℓ−1 such that c(wiw) = c(e)}| ≤ |Eℓ−1| ≤ e(H)− |Iℓ|
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and therefore
|{w ∈Wℓ : ∃i ∈ Iℓ, ∃e ∈ Eℓ−1 such that c(wiw) = c(e)}| ≤ |Iℓ| (e(H)− |Iℓ|) ≤ ke(H)− k
< n− (ℓ− 1) = |Wℓ| .
where the last inequality holds by our choice of n.
We can choose wℓ to be any vertex of the non-empty set Wℓ \ {w ∈ Wℓ : ∃i ∈ Iℓ, ∃e ∈
Eℓ−1 such that c(wiw) = c(e)}.
Remark. Local anti-Ramsey numbers are discussed in [3] as a special case of a broader notion.
For a graph H and a positive integer m, let g(m,H) be the smallest integer n such that any edge
colouring of Kn in which no colour appears more than m times at each vertex yields a rainbow copy
of H. Obviously g(1,H) is simply AR(H). The upper bound (2) is a special case of the more general
upper bound
g(m,H) ≤ 2m∆(H)2v(H) + 32m∆(H)4 + 4v(H) (4)
for every graph H. The proof of Theorem 1.1 extends, with obvious changes, to an upper bound on
g(m,H) for every m,
g(m,H) ≤ mke(H)−mk + v(H) ≤ mk2v(H)−mk
(
k + 1
2
)
−mk + v(H)
which is an improvement of (4).
3 Degree anti-Ramsey numbers of forests
Lemma 3.1. Let T be a tree on k + 2 vertices which is not a star. Let G be a k-regular connected
graph with girth at least k + 2. If there exists a proper edge colouring of G with no rainbow copy of
T , then G is k-edge-colourable.
Proof. Let x0 be some leaf of T and let x1 be its unique neighbour. Let x2 be a neighbour of x1 in
T which is not a leaf; such a vertex x2 exists since T is not a star. For i ∈ {1, 2}, let Ti denote the
tree in T \ {x0, x1x2} which contains xi. Let x1, y1, . . . , ys be an ordering of the vertices of T1 such
that T1[{x1, y1, . . . , yj}] is a tree for every 1 ≤ j ≤ s. Similarly, let x2, z1, . . . , zt be an ordering of
the vertices of T2 such that T2[{x2, z1, . . . , zj}] is a tree for every 1 ≤ j ≤ t. Note that t ≥ 1 and
that t+ s = k − 1.
Let G be as in the statement of the lemma and let c be a proper edge colouring of G with no
rainbow copy of T . For any vertex v ∈ V (G) let Nc(v) = {c(e) : e ∈ E(G) and v ∈ e}. Suppose
for a contradiction that G is not k-edge-colourable, in particular, there exist vertices v1, v2 ∈ V (G)
such that Nc(v1) 6= Nc(v2). Since G is connected, it follows that there are also adjacent vertices
u1, u2 ∈ V (G) such that Nc(u2) is not contained in Nc(u1). We will describe an embedding φ of
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T into G such that φ(T ) is rainbow; this will contradict our assumption that no copy of T in G
is rainbow under c. We set φ(x1) = u1 and φ(x2) = u2. Let w1 be a neighbour of u2 in G such
that c(u2w1) /∈ Nc(u1); we set φ(z1) = w1. Inductively, for every 2 ≤ i ≤ t, we can find a vertex
wi ∈ V (G) which satisfies the following two properties:
(1) wi /∈ {u1, u2, w1, . . . , wi−1}.
(2) c(wiφ(z)) /∈ {c(e) : e ∈ {u1u2} ∪ E(φ(T2[{x2, z1, . . . , zi−1}]))} where z ∈ {x2, z1, . . . , zi−1} is the
unique vertex for which zzi is an edge of T2.
Such a vertex wi exists since i < k and since the girth of G is at least k + 2. For every 2 ≤ i ≤ t we
set φ(zi) = wi.
Similarly, for every 1 ≤ i ≤ s, we can find a vertex w′i ∈ V (G) which satisfies the following two
properties:
(1’) w′i /∈ {u1, u2, w1, . . . , wt, w
′
1, . . . , w
′
i−1}.
(2’) c(w′iφ(y)) /∈ {c(e) : e ∈ {u1u2}∪E(φ(T2))∪E(φ(T1[{x1, y1, . . . , yi−1}]))} where y ∈ {x1, y1, . . . , yi−1}
is the unique vertex for which yyi is an edge of T1.
Such a vertex w′i exists since t+ i < k and since the girth of G is at least k+ 2. For every 1 ≤ i ≤ s
we set φ(yi) = w
′
i.
Finally, we can find a vertex u0 ∈ V (G) such that u0 /∈ {u1, u2, w1, . . . , wt, w
′
1, . . . , w
′
s}, u0u1 ∈
E(G) and c(u0u1) /∈ {c(e) : e ∈ E(φ(T \ {x0})) \ {u2w1}}. Such a vertex exists since |{c(e) : e ∈
E(φ(T \ {x0})) \ {u2w1}}| < k and since the girth of G is at least k+2 . Since c(u2w1) /∈ Nc(u1) by
assumption, it follows that c(u0u1) 6= c(u2w1) and thus φ(T ) is a rainbow copy of T in G.
Lemma 3.2. Let k be a positive integer and let G be a k-regular connected graph. If G has a
cut-vertex, then G is not k-edge-colourable.
Lemma 3.2 appears as an exercise in [12]; for the sake of completeness we include a short proof.
Proof. Suppose for a contradiction that G is k-edge-colourable. Since G is k-regular, it follows that
E(G) can be decomposed into k perfect matchings M1, . . . ,Mk; in particular v(G) is even. Let x be
a cut-vertex of G and let C1, C2, . . . , Ct be the connected components of G \ x. Since |V (G) \ {x}| is
odd, there must exist some 1 ≤ i ≤ t such that |Ci| is odd. Assume without loss of generality that
|C1| is odd and let y ∈ C2 be a neighbour of x. Assume without loss of generality that xy ∈ M1.
Then the restriction of M1 to C1 must be a perfect matching of G[C1], which is impossible as |C1| is
odd.
Proposition 3.3. For every integer k ≥ 2, there exists a k-regular connected graph with girth at
least k + 2 which is not k-edge-colourable.
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Proof. We distinguish between two cases according to the parity of k. Assume first that k is even.
Since for k = 2 we can take C5, we assume that k ≥ 4. Let G be a k-regular connected graph with an
odd number of vertices and with girth at least k+2. Such a graph G exists since k is even and since,
with positive probability, for every k ≥ 3, a random k-regular graph is connected and has arbitrarily
large girth (see, e.g., [13]). Since v(G) is odd, G cannot be k-edge-colourable.
Next, assume that k ≥ 3 is odd. Let H1, . . . ,Hk−1 be pairwise vertex disjoint k-regular connected
graphs with girth at least k + 2. For every 1 ≤ i ≤ k − 1 let xiyi be an arbitrary edge of Hi and
let Gi = Hi \ {xiyi}. Let G be the graph with vertex set V (G1) ∪ . . . ∪ V (Gk−1) ∪ {u, v} and edge
set E(G1) ∪ . . . ∪ E(Gk−1) ∪ {uv} ∪ {uxi : 1 ≤ i ≤ (k − 1)/2} ∪ {uyi : 1 ≤ i ≤ (k − 1)/2} ∪ {vxi :
(k − 1)/2 + 1 ≤ i ≤ k − 1} ∪ {vyi : (k − 1)/2 + 1 ≤ i ≤ k − 1}. It is evident that G is a k-regular
connected graph with girth at least k + 2. Since, moreover, u is clearly a cut-vertex of G, it follows
by Lemma 3.2 that G is not k-edge-colourable.
In the proof of Theorem 1.3 we will make use of the following well-known result of Bolloba´s [7].
Theorem 3.4. Let a, b and N be positive integers and let A1, . . . , AN , B1, . . . , BN be sets satisfying
the following three properties:
(i) |Ai| = a and |Bi| = b for every 1 ≤ i ≤ N .
(ii) Ai ∩Bi = ∅ for every 1 ≤ i ≤ N .
(iii) Ai ∩Bj 6= ∅ for every 1 ≤ i 6= j ≤ N .
Then N ≤
(
a+b
a
)
.
Proof of Theorem 1.3. It is obvious that ARd(F ) = e(F ) if F is a star or a matching with precisely
two edges. Moreover, as noted in (3), ARd(F ) ≥ e(F ) − 1 holds for every graph F . Hence, in order
to complete the proof, we need to show that if F is a forest which is not a star or a matching with
precisely two edges, then ARd(F ) ≤ e(F ) − 1. We will do so by induction on r, the number of
connected components of F , i.e., the number of trees in the forest F .
We begin by addressing the base case r = 1. Let F be a tree on k + 2 vertices which is not a
star; note that k ≥ 2. Let G be a k-regular connected graph with girth at least k + 2 which is not
k-edge-colourable; such a graph exists by Proposition 3.3. According to Lemma 3.1, any proper edge
colouring of G yields a rainbow copy of F , otherwise G would be k-edge-colourable.
Now fix r ≥ 1 and assume that ARd(F ) ≤ e(F ) − 1 holds for every forest F which consists of r
trees and is not a star or a matching with precisely two edges. Let F be a forest which consists of
r + 1 trees and is not a matching with precisely two edges. Choose some tree T in F and let R be
the forest obtained from F by removing T . Let F˜ be a graph which is not a star and is obtained
from F by identifying some vertex of T with some vertex of R. Such a graph F˜ exists since F is not
a matching with precisely two edges. Clearly F˜ is a forest which consists of r trees. Since, moreover,
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it is not a star or a matching with precisely two edges, it follows by the induction hypothesis that
there exists a graph G˜ with maximum degree at most e(F˜ ) − 1 = e(F ) − 1 such that any proper
edge colouring of G˜ yields a rainbow copy of F˜ . Let a denote the number of edges in T , let b denote
the number of edges in R, and let N =
(
a+b
a
)
+ 1. Let G be the union of N pairwise vertex disjoint
copies G1, G2, . . . , GN of G˜. The maximum degree of G is clearly at most e(F ) − 1. Suppose for
a contradiction that there exists a proper edge colouring of G that contains no rainbow copy of F .
For every 1 ≤ i ≤ N , the graph Gi contains a rainbow copy Fi of F˜ . Let Ai and Bi be the sets
of colours of the edges of the T part and the R part of Fi, respectively. Surely Ai ∩ Bi = ∅ holds
for every 1 ≤ i ≤ N as Fi is rainbow. On the other hand, for every 1 ≤ i 6= j ≤ N we must have
Ai ∩ Bj 6= ∅ as otherwise the T part of Fi and the R part of Fj would form a rainbow copy of F .
We conclude that the sets A1, . . . , AN , B1, . . . , BN satisfy the conditions of Theorem 3.4 and thus(
a+b
a
)
+ 1 = N ≤
(
a+b
a
)
which is obviously a contradiction.
4 Degree anti-Ramsey numbers of cycles
Our first goal in this section is to prove Theorem 1.4. Our proof uses a topological version of Hall’s
Theorem due to Aharoni, Berger and Meshulam. In order to state their theorem, we need the
following terminology. The fractional width w∗(F) of a hypergraph F is defined to be the minimum
of
∑
E∈F λ(E) over all functions λ : F → [0,∞) such that
∑
E∈F |E ∩ F | · λ(E) ≥ 1 holds for every
F ∈ F .
Theorem 4.1. [1, Theorem 1.5] If {Fi}
k
i=1 are hypergraphs satisfying w
∗
(⋃
i∈I Fi
)
> |I| − 1 for
every I ⊆ [k], then {Fi}
k
i=1 admits a system of disjoint representatives, i.e., pairwise disjoint sets
F1, F2, . . . , Fk such that Fi ∈ Fi holds for every 1 ≤ i ≤ k.
Proof of Theorem 1.4. We will first consider even cycles, i.e., we will prove that ARd(C2k) ≤ 2(2k−1)
holds for every k ≥ 2. For all positive integers k ≥ 2 and d, let G2k,d denote the graph with vertex
set
{ui : 1 ≤ i ≤ k} ∪ {vi,j : 1 ≤ i ≤ k, 1 ≤ j ≤ d} ,
and edge set
{uivi,j : 1 ≤ i ≤ k, 1 ≤ j ≤ d} ∪ {vi,ju(i mod k)+1 : 1 ≤ i ≤ k, 1 ≤ j ≤ d} .
Since the maximum degree of G2k,d is 2d, it suffices to prove that, for every d ≥ 2k − 1, any proper
edge colouring of G2k,d admits a rainbow copy of C2k.
Fix some d ≥ 2k−1 and let c be a proper edge colouring of G2k,d. Consider 3-uniform hypergraphs
F1,F2, . . . ,Fk on the common set of vertices {vi,j : 1 ≤ i ≤ k, 1 ≤ j ≤ d} ∪ {c(e) : e ∈ E (G2k,d)}.
For every 1 ≤ i ≤ k and 1 ≤ j ≤ d, let Ei,j = {c(uivi,j), vi,j , c(vi,ju(i mod k)+1)} and let Fi = {Ei,j :
1 ≤ j ≤ d}. For every I ⊆ [k], denote FI :=
⋃
i∈I Fi. Since c is a proper edge colouring of G2k,d, for
7
every 1 ≤ i ≤ k and every colour α we have |{e ∈ E (G2k,d) : ui ∈ e and c(e) = α}| ≤ 1. It follows
that |{F ∈ FI : α ∈ F}| ≤ k holds for every I ⊆ [k] and every colour α. Therefore, for every I ⊆ [k]
and every Ei,j ∈ FI we have∑
F∈FI
|F ∩ Ei,j| = 1 + |{F ∈ FI : c(uivi,j) ∈ F}|+ |{F ∈ FI : c(vi,ju(i mod k)+1) ∈ F}| ≤ 2k + 1. (5)
For every I ⊆ [k], let λI : FI → [0,∞) be a function such that
∑
E∈FI
|E ∩Ei,j| ·λI(E) ≥ 1 holds
for every Ei,j ∈ FI . Then, it follows by (5) that
d|I| = |FI | ≤
∑
F∈FI

∑
E∈FI
|F ∩E| · λI(E)

 = ∑
E∈FI

∑
F∈FI
|F ∩ E|

λI(E) ≤ (2k + 1) ∑
E∈FI
λI(E).
Therefore, for every I ⊆ [k] we have
w∗(FI) ≥
d|I|
2k + 1
≥
(2k − 1)|I|
2k + 1
= |I| −
2|I|
2k + 1
> |I| − 1.
It thus follows by Theorem 4.1 that {Fi}
k
i=1 admits a system of disjoint representatives, i.e., pair-
wise disjoint sets E1,j1 , E2,j2 , . . . , Ek,jk . We conclude that u1v1,j1u2v2,j2 . . . ukvk,jku1 form a rainbow
copy of C2k.
Next, we will consider odd cycles, i.e., we will prove that ARd(C2k−1) ≤ 2(2k+1) holds for every
k ≥ 2. For all positive integers k ≥ 2 and d, let G2k−1,d denote the graph with vertex set
{ui : 1 ≤ i ≤ k} ∪ {vi,j : 1 ≤ i ≤ k − 1, 1 ≤ j ≤ d} ,
and edge set
{uivi,j : 1 ≤ i ≤ k − 1, 1 ≤ j ≤ d} ∪ {vi,jui+1 : 1 ≤ i ≤ k − 1, 1 ≤ j ≤ d} ∪ {uku1} .
Since the maximum degree of G2k−1,d is 2d, it suffices to prove that, for every d ≥ 2k+1, any proper
edge colouring of G2k−1,d admits a rainbow copy of C2k−1. Fix some d ≥ 2k + 1, let c be a proper
edge colouring of G2k−1,d, and let α = c(uku1). Let H denote the graph obtained from G2k−1,d by
removing the edge uku1 and every vertex vi,j for which α ∈ {c(uivi,j), c(vi,jui+1)}. LetH
′ be obtained
from H by adding new vertices w1, w2, . . . , wd−2 and new edges u1w1, . . . , u1wd−2, w1uk, . . . , wd−2uk.
Extend c arbitrarily to a proper edge colouring of H ′. Since d − 2 ≥ 2k − 1 and G2k,d−2 ⊆ H
′, it
follows that H ′ admits a copy u1v1,j1u2v2,j2 . . . vk−1,jk−1ukwsu1 of C2k which is rainbow under c. We
conclude that u1v1,j1u2v2,j2 . . . vk−1,jk−1uku1 is a rainbow copy of C2k−1 in G2k−1,d.
Our second goal in this section is to determine the degree anti-Ramsey number of C4.
Proof of Proposition 1.5. It is easy to verify that every proper edge colouring of K2,4 (note that
K2,4 ∼= G4,2) yields a rainbow copy of C4 and thus ARd(C4) ≤ 4. Suppose for a contradiction that
there exists a graph G with maximum degree at most 3 such that any proper edge colouring of G
yields a rainbow copy of C4; let G be an inclusion minimal such graph.
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Claim 4.2. G is bridgeless and 3-regular.
Proof. By assumption ∆(G) ≤ 3. Moreover, it readily follows from the minimality of G that it
is bridgeless; in particular, δ(G) ≥ 2. It thus remains to prove that δ(G) = 3. Suppose for a
contradiction that there exists a vertex of degree 2 in G. Let u be such a vertex and let v1, v2 be its
neighbours. It follows by the minimality of G that G \ {u} admits a proper edge colouring c with no
rainbow copy of C4. In order to obtain a contradiction we will show that we can extend, and modify
if needed, the colouring c to a proper edge colouring of G with no rainbow copy of C4. Let α and β
be two colours not in {c(e) : e ∈ E(G \ {u})}. We distinguish between three cases according to the
size of the common neighbourhood of v1 and v2 in G.
Case 1: NG(v1) ∩NG(v2) = {u}. Set c(uv1) = α and c(uv2) = β.
Case 2: |NG(v1) ∩ NG(v2)| = 3. Let w1 and w2 denote the common neighbours of v1 and v2 in
G \ {u}. Since the restriction of c to G \ {u} contains no rainbow copy of C4, there must exist
an i ∈ {1, 2} such that c(v1wi) = c(v2w3−i). Change the colour of v1w3−i to α, colour uv1 by
c(v2wi), and set c(uv2) = α.
Case 3: |NG(v1)∩NG(v2)| = 2. Let w denote the unique common neighbour of v1 and v2 in G\{u}.
If there is no copy of C4 in G \ {u} containing the edge v1w, then change the colour of v1w to
α and set c(uv2) = α and c(uv1) = β. Assume then that there exists a copy v1wz1z2v1 of C4 in
G\{u} containing the edge v1w; note that there is exactly one such copy. Since G\{u} contains
no rainbow copy of C4, either c(v1w) = c(z1z2) or c(v1z2) = c(wz1). If c(v1w) = c(z1z2), then
change the colour of v1z2 to α, colour uv1 by c(v2w), and set c(uv2) = β. If c(v1z2) = c(wz1),
then change the colour of v1w to α and set c(uv2) = α and c(uv1) = β.
Since, by Claim 4.2, G is a bridgeless cubic graph, it follows by Petersen’s Theorem [10] that G
admits a perfect matching M . Let H be the graph obtained from G by removing the edges of M ,
then H is the disjoint union of cycles.
An edge vivi+1 of an odd cycle v0v1 . . . v2kv0 of H is said to be free if {vi−2vi+1, vi−1vi+2, vivi+3}∩
M = ∅, where addition is taken modulo 2k + 1. Equivalently, vivi+1 is free if any copy of C4 in G
which includes vivi+1 must contain two edges of M .
Claim 4.3. Every odd cycle of H has at least one free edge.
Proof. Let v0v1 . . . v2kv0 be an odd cycle of H (if no such cycle exists, then there is nothing to prove).
Let I = {0 ≤ i ≤ 2k : vivi+3 ∈M}, where addition is taken modulo 2k + 1. Since M is a matching,
it follows that |{i, i + 3} ∩ I| ≤ 1 for every 0 ≤ i ≤ 2k. Therefore |I| ≤
⌊
2k+1
2
⌋
= k and thus there
exists an 0 ≤ i ≤ 2k such that {i + 1, i + 2} ∩ I = ∅. If i ∈ I, then i+ 3 /∈ I and therefore the edge
vi+3vi+4 is free. Otherwise, the edge vi+2vi+3 is free.
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The graph obtained from H by removing one free edge from each odd cycle is clearly 2-edge-
colourable. We extend this colouring to a proper edge colouring c of G by colouring the removed
free edges by a third colour and the edges of M by a fourth colour. If F is a copy of C4 which is
rainbow under c, then it must contain exactly one free edge and exactly one edge of M . However,
no such copies exist by the definition of free edges. This contradicts our assumption that any proper
edge colouring of G admits a rainbow copy of C4.
5 Concluding remarks and open problems
Graphs H for which ARd(H) = e(H)− 1. As noted in the introduction, ARd(H) ≥ e(H)− 1 for
every graph H. In Theorem 1.3 this simple lower bound is shown to be tight for every forest which is
not a star nor a matching with precisely two edges. It would be interesting to characterize the family
F of all graphs H for which ARd(H) = e(H) − 1. One should note that this family is quite rich.
In particular, it is not hard to see that, for every graph H, there exists an integer t0 such that, for
every t ≥ t0, the graph Ht which is the disjoint union of H and a matching of size t is in F . Indeed,
let r = ARd(H) and let G be a graph with maximum degree r such that any proper edge colouring
of G yields a rainbow copy of H. Let t0 = r+1− e(H) and fix some t ≥ t0. For any 1 ≤ i ≤ t let Fi
be an arbitrary (t+ e(H)− 1)-regular Class 2 graph and let Gt be the pairwise vertex disjoint union
of F1, . . . , Ft and G. It is easy to see that any proper edge colouring of Gt yields a rainbow copy of
Ht and thus ARd(Ht) = e(Ht)− 1.
In light of this example, it might be easier to study the sub-family FC ⊆ F of connected graphs
H for which ARd(H) = e(H)− 1. Even in this case, we have a few examples of graphs in FC , apart
from C3 and trees which are not stars. Indeed, let G1 be the triangle with a pendant edge (i.e. the
graph with vertex set {x1, x2, x3, x4} and edge set {x1x2, x2x3, x1x3, x3x4}) and let G2 be the “bull”
(i.e. the graph with vertex set {x1, x2, x3, x4, x5} and edge set {x1x2, x2x3, x1x3, x2x4, x3x5}). It is
not hard to verify that any proper edge colouring of the graph obtained from K4 by subdividing
one of its edges once yields a rainbow copy of G1 and that any proper edge colouring of K5 yields a
rainbow copy of G2.
Degree anti-Ramsey numbers of cycles. It follows from the general lower bound (3) that
ARd(Ck) ≥ k − 1 for every k ≥ 3. This is tight for k = 3 but not for k = 4 as ARd(C4) = 4 by
Proposition 1.5. The latter result is the only non-trivial lower bound we have on the degree anti-
Ramsey number of any cycle. It would be interesting to prove non-trivial lower bounds on ARd(Ck)
for k ≥ 5.
A general non-trivial upper bound on ARd(Ck) is stated in Theorem 1.4. It is proved there that
ARd(Ck) ≤ 2(k−1) whenever k is even and that ARd(Ck) ≤ 2(k+2) whenever k is odd. It would be
interesting to determine ARd(Ck) for every k ≥ 5 or at least to significantly reduce the gap between
the lower and upper bounds.
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All the upper bounds on ARd(Ck) we proved in this paper were obtained by examining the proper
edge colourings of the graphs Gk,d which are defined in the proof of Theorem 1.4. We believe that
finding the smallest d = d(k) for which every proper edge colouring of Gk,d yields a rainbow copy
of Ck is of independent interest and might be helpful in improving the upper bounds we currently
have on ARd(Ck). It is not hard to verify that d(3) = 1, d(4) = 2 and d(5) = 3 (the latter shows, in
particular, that ARd(C5) ≤ 6). Moreover, it was shown in the proof of Theorem 1.4 that d(k) ≤ k−1
whenever k is even and that d(k) ≤ k + 2 whenever k is odd. On the other hand, for every positive
integer r, the following edge colouring of G4r,3(r−1) shows that d(4r) ≥ 3r − 2: for every even
1 ≤ i ≤ 2r and 1 ≤ j ≤ 3(r − 1), let
c(uivi,j) = j,
c(vi,ju(i mod 2r)+1) =


j + 1 if j mod 3 6= 0,
j − 2 if j mod 3 = 0,
and colour the remaining edges arbitrarily such that the resulting colouring is proper. Similarly, one
can show that d(4r + 1) ≥ 3r − 1, d(4r + 2) ≥ 3r − 2 and d(4r + 3) ≥ 3r + 2.
Note that the upper bounds on ARd(Ck) we proved in Theorem 1.4 entail upper bounds on the
size anti-Ramsey numbers of cycles. Since Gk,d has kd edges whenever k is even and (k − 1)d + 1
edges whenever k is odd, it follows that ARs(Ck) ≤ kd(k) ≤ k(k − 1) whenever k is even and
ARs(Ck) ≤ (k− 1)d(k) + 1 ≤ (k− 1)(k+2)+ 1 whenever k is odd. Thus, even a slight improvement
of the upper bound on d(k) would improve the upper bound ARs(Ck) ≤ (k − 1)
2 +1 for even k and
ARs(Ck) ≤ (k − 1)
2 for odd k which was proved in [5].
Degree anti-Ramsey numbers of complete bipartite graphs. For all integers 1 ≤ s ≤ t, let
f(s, t) denote the smallest integer n such that any proper edge colouring of Kn,n yields a rainbow
copy of Ks,t. Similarly, for all integers 1 ≤ s ≤ t, let g(s, t) denote the smallest integer n such that
any proper edge colouring of Ks,n yields a rainbow copy of Ks,t. Clearly
ARd(Ks,t) ≤ f(s, t) ≤ g(s, t). (6)
Note that, trivially, ARd(K1,t) = f(1, t) = g(1, t) for every positive integer t and thus both
inequalities in (6) are sharp in general. It was proved in [8] that g(s, t) ≤ (s2 − s + 1)(t − 1) + 1
and that this simple upper bound is tight whenever s− 1 is a non-negative prime power. It was also
shown in [8] that every proper edge colouring of K3,6 yields a rainbow copy of K2,3. It is then easy
to verify that f(2, 3) = 6 < 7 = g(2, 3). This is the only example we currently have where the second
inequality in (6) is strict. On the other hand, in addition to the trivial case s = 1, we can prove
that f(2, t) = 3t − 2 holds whenever t − 1 is a non-negative power of 3, and thus f(2, t) = g(2, t)
for those values of t. Indeed, for any positive integer r, let n = 3r−1 + 1 and consider the following
edge colouring of K3r ,3r . Viewing each part of K3r ,3r as the vector space Z
r
3, we colour an edge uv
11
with the colour u− v ∈ Zr3. This is a proper edge colouring of K3r ,3r since, if u, v1, v2 ∈ Z
r
3 are such
that uv1 and uv2 have the same colour, then u− v1 = u− v2 and thus v1 = v2. Moreover, fix some
distinct u1, u2 ∈ Z
r
3 and pairwise distinct v1, . . . , vn ∈ Z
r
3. Since 3n > 3
r, the sets {vi : 1 ≤ i ≤ n},
{vi+u1−u2 : 1 ≤ i ≤ n} and {vi+2(u1−u2) : 1 ≤ i ≤ n} cannot be pairwise disjoint. Hence, there
are 1 ≤ i, j ≤ n such that u1 − vi = u2 − vj and thus the corresponding copy of K2,n is not rainbow.
As for the first inequality in (6), we know it is sharp for s = 1 and for s = t = 2 (by Proposi-
tion 1.5). We are not aware of any s ≤ t for which ARd(Ks,t) < f(s, t). It would be interesting to
further study the relations between these three functions.
Computability of degree anti-Ramsey numbers. In order to determine the local anti-Ramsey
number AR(H) of a given graph H we can, in principle, use the following algorithm:
1. Set n to be v(H).
2. If every proper edge colouring of Kn (viewed as a partition of E(Kn)) yields a rainbow copy
of H, then output AR(H) = n. Otherwise increase n by 1 and repeat step 2.
Since there are only finitely many graphs with a prescribed number of edges, we can use a similar
algorithm to compute the size anti-Ramsey number of any graph. On the other hand, we do not
know how to devise an algorithm for computing degree anti-Ramsey numbers (note that the number
of graphs with a prescribed maximum degree is unbounded). It would be interesting to find such an
algorithm (or to prove that no such algorithm exists, though this seems unlikely). In order to obtain
an algorithm for computing degree anti-Ramsey numbers in the spirit of the algorithms mentioned
above, it would be sufficient to bound in some reasonable manner, for every graph H, the minimal
number of vertices or edges in a graph with maximum degree ARd(H) such that any proper colouring
of its edges yields a rainbow copy of H.
Non-monotonicity in the number of colours. It seems plausible that if any proper edge colour-
ing of some graph G with m ≥ χ′(G) colours yields a rainbow copy of some graph H, then the
same is true for any proper edge colouring of G with m′ > m colours. However, this intuition fails
in general. Indeed, consider the graph G = (V,E), where V = {v0, v1, v2, v3, v4, v5, v6, v7, w} and
E = {vkv(k+1) mod 8 : 0 ≤ k ≤ 7} ∪ {v2kw : 0 ≤ k ≤ 3} ∪ {v0v4, v2v6}. It is easy to verify that the
chromatic index of G is 4, that every proper edge colouring of G with 4 colours yields a rainbow
copy of C4 and that G does admit a proper edge colouring with no rainbow copy of C4.
It would be interesting to find more examples of this phenomenon. In particular, we pose the
following two questions. Is there an infinite family of graphs H such that for any H ∈ H there exists
a graph G such that any proper edge colouring of G with χ′(G) colours yields a rainbow copy of H,
but there exists a proper edge colouring of G with no rainbow copy of H? Is there a non-negative
integer k such that for all graphs H and G, if any proper edge colouring of G with at most χ′(G)+ k
colours yields a rainbow copy of H, then any proper edge colouring of G yields a rainbow copy of
H?
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